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Abstract. In this paper, we prove global second derivative estimates for solutions of the 
Dirichlet problem for the Monge-Ampere equation when the inhomogeneous term is only 
assumed to be Holder continuous. As a consequence of our approach, we also establish 
the existence and uniqueness of globally smooth solutions to the second boundary value 
problem for the affine maximal surface equation and afRne mean curvature equation. 



§1. Introduction 

In a landmark paper [4], Caffarelli established interior W 2,p and C 2,a estimates for 
solutions of the Monge-Ampere equation 

detD 2 u = f (1.1) 

in a domain in Euclidean n-space, R™, under minimal hypotheses on the function /. 
His approach in [3,4] pioneered the use of affine invariance in obtaining estimates, which 
hitherto depended on uniform ellipticity, [2,19], or stronger hypotheses on the function 
/, [9, 13, 18]. If the function / is only assumed positive and Holder continuous in 0, that 
is / G C a (Q) for some a G (0, 1), then one has interior estimates for convex solutions of 
(1.1) in C 2 ' a (0) in terms of their strict convexity. When / is sufficiently smooth, such 
estimates go back to Calabi and Pogorelov [9, 18]. The estimates are not genuine interior 
estimates as assumptions on Dirichlet boundary data are needed to control the strict 
convexity of solutions [4, 18]. 

Our first main theorem in this paper provides the corresponding global estimate for 
solutions of the Dirichlet problem, 

u = if on dfl. (1-2) 
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Theorem 1.1. Let O be a uniformly convex domain in R n , with boundary 90 G C 3 , 
p> G C 3 (0) and f G C a (0), for some a G (0, 1), satisfying inf / > 0. XTien any convex 
solution u of the Dirichlet problem (1.1), (1-2) satisfies the a priori estimate 

IMIc 2 >«(fi) - (i-^) 

where C is a constant depending on n, a, inf /, Il/H^a^, 90 and p>. 

The notion of solution in Theorem 1.1, as in [4], may be interpreted in the generalized 
sense of Aleksandrov [18], with u = ip on 90 meaning that u G C°(0). However by 
uniqueness, it is enough to assume at the outset that u is smooth. In [22], it is shown 
that the solution to the Dirichlet problem, for constant / > 0, may not be C 2 smooth or 
even in W 2,P {Q) for large enough p, if either the boundary 90 or the boundary trace <p 
is only C 2,1 . But the solution is C 2 smooth up to the boundary (for sufficiently smooth 
/ > 0) if both 90 and ip are C 3 [22] . Consequently the conditions on 90, p and / in 
Theorem 1.1 are optimal. 

As an application of our method, we also derive global second derivative estimates 
for the second boundary value problem of the affine maximal surface equation and, 
more generally, its inhomogeneous form which is the equation of prescribed affine mean 
curvature. We may write this equation in the form 

L[u] := U lJ D lJ w = f in O, (1.4) 

where \U^\ is the cofactor matrix of the Hessian matrix D 2 u of the convex function u 
and 

w = [deW 2 u]-^ +1 ^ (n + 2 l (1.5) 

The second boundary value problem for (1.4), (as introduced in [21]), is the Dirichlet 
problem for the system (1.4) (1.5), that is to prescribe 

u = <p w = ifj on 90, (1-6) 

We will prove 

Theorem 1.2. Let O be a uniformly convex domain in R n , with 90 G C 3,1 , p> G C 3,1 (0), 
ip G C 3,1 (0), infn ip > and f < 0, G L°°(0). Then there is a unique uniformly convex 
solution u G W 4,P (Q) (for all 1 < p < oo) to the boundary value problem (1.4)-(l-6). If 
furthermore f G C a (O) , p> G C 4 ' a (0), %p G C 4 ' a (0), and 90 G C 4 ' a for some a G (0, 1), 
then the solution u G C 4 ' a (0) 

The condition / < 0, (corresponding to non-negative prescribed affine mean curvature 
[1, 17]), is only used to bound the solution u. It can be relaxed to / < 8 for some 5 > 0, 
but it cannot be removed completely. 
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The affine mean curvature equation (1.4) is the Euler equation of the functional 

J[u\ = A{u) - / fu, (1.7) 

where 

A(u) = [ [detD 2 ^ 1 /^ 2 ). (1.8) 

is the affine surface area functional. The natural or variational boundary value problem 
for (1.4), (1.7) is to prescribe u and Vw on <9fi and is treated in [21]. Regularity at the 
boundary is a major open problem in this case. 

Note that the operator L in (1.4) possesses much stronger invariance properties than 
its Monge- Ampere counterpart (1.1) in that L is invariant under unimodular affine trans- 
formations in R n+1 , (of the dependent and independent variables). 

Although the statement of Theorem 1.1 is reasonably succinct, its proof is technically 
very complicated. For interior estimates one may assume by affine transformation that 
a section of a convex solution is of good shape, that is it lies between two concentric 
balls whose radii ratio is controlled. This is not possible for sections centered on the 
boundary and most of our proof is directed towards showing that such sections are of 
good shape. After that we may apply a similar perturbation argument to the interior 
case [4] . To show sections at the boundary are of good shape we employ a different type 
of perturbation which proceeds through approximation and extension of the trace of the 
inhomogeneous term /. The technical realization of this approach constitutes the core of 
our proof. Theorem 1.1 may also be seen as a companion result to the global regularity 
result of Caffarelli [6] for the natural boundary value problem for the Monge-Ampere 
equation, that is the prescription of the image of the gradient of the solution, but again 
the perturbation arguments are substantially different. 

The organization of the paper is as follows. In the next section, we introduce our 

perturbation of the inhomogeneous term / and prove some preliminary second derivative 

estimates for the approximating problems. We also show that the shape of a section 

of a solution at the boundary can be controlled by its mixed tangential-normal second 

derivatives. In Section 3, we establish a partial control on the shape of sections, which 

yields C 1,a estimates at the boundary for any a G (0,1), (Theorem 3.1). In order to 

proceed further, we need a modulus of continuity estimate for second derivatives for 

smooth data and here it is convenient to employ a lemma from [8], which we formulate 

in Section 4. In Section 5, we conclude our proof that sections at the boundary are 

of good shape, thereby reducing the proof of Theorem 1.1 to analogous perturbation 

considerations to the interior case [4], which we supply in Section 6 (Theorem 6.1). 

Finally in Section 7, we consider the application of our preceding arguments to the affine 

maximal surface and affine mean curvature equations, (1.4). In these cases, the global 
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second derivative estimates follow from a variant of the condition / G C a (0) at the 
boundary, namely 

\f(x)-f(y)\<C\x-y\, (1.9) 

for all a; G O, y G 90, which is satisfied by the function w in (1.5). The uniqueness 
part of Theorem 1.2 is proved directly, (using an argument based on concavity), and 
the existence part follows from our estimates and a degree argument. The solvability of 
(1.4)-(1.6) without boundary regularity was already proved in [21] where it was used to 
prove interior regularity for the first boundary value problem for (1.4). 



2. Preliminary estimates 

Let O be a uniformly convex domain in R n with C 3 boundary, and <p be a C 3 smooth 
function on O. For small positive constant t > 0, we denote O t = {x G O | dist(x, 90) > 
t} and D t = O — O t . For any point x G O, we will use £ to denote a unit tangential 
vector of 90,j and 7 the unit outward normal of 90,5 at x, where 5 = dist(x, 90). 

Let u be a solution of (1.1) (1.2). By constructing proper sub-barriers we have the 
gradient estimate 

sup|Du(x)| < C. (2.1) 

We also have the second order tangential derivative estimates 

C' 1 < u#(x) < C (2.2) 

for any x G 90. The upper bound in (2.2) follows directly from (2.1) and the boundary 
condition (1.2). For the lower bound, one requires that ip is C 3 smooth, and 90 is C 3 
and uniformly convex [22]. For (2.1) and (2.2) we only need that / is a bounded positive 
function. 

In the following we will assume that / is positive and / G C a (0) for some a G (0, 1). 
Let f T be the mollification of / on 90, namely f T = 1] T * /, where 77 is a mollifier on 90. 
If t > is small, then for any point x G D t , there is a unique point x G 90 such that 
dist(x, 90) = \x — x\ and 7 = (x — x)/\x — x\. Let 

MX) = \M*)-Cl- in A, <2 ' 3> 



where 



T = t £o e = 1 /An. 
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We define f t properly in the remaining part Q t — ^2t such that, with a proper choice of 
the constant C = Ct, T > 0, ft < / in O and ft is Holder continuous in O with Holder 
exponent a' = eoa, 

\ft~ f\<Cr a =Ct a ' in Q, 
\\ft\\c a '(Q) - C|l/llc°(n) 
for some C > independent of t. From (2.3), /t is smooth in D t , 

\Df t \<Cr a -\ \D 2 f t \<Cr a -\ and |0 7 / t | = in D t . (2.4) 

Let -Ut be the solution of the Dirichlet problem, 

detD 2 u = f t in O, (2.5) 
u = if on <9fi. 

First we establish some a priori estimates for in D t . Note that by the local strict 
convexity [3] and the a priori estimates for the Monge- Ampere equation [18], u is smooth 
in D t . 

For any given boundary point, we may suppose it is the origin such that O C {x n > 0}, 
and locally 90 is given by 

x n = p(x') (2.6) 

for some C 3 smooth, uniformly convex function p satisfying p(0) = 0, Dp(0) = 0, where 
x' = (xi, ■ ■ ■ ,x n -i). By subtracting a linear function we also suppose that 

u t (0) = 0, Du t (0) = 0. (2.7) 

We make the linear transformation T : x — » y such that 

Ui = Xi/Vi, i = 1,- • • ,n - 1, 

Vn = x-n/t, (2.8) 
V = u t /t. 

Then v satisfies the equation 

detD 2 v = tf t in T(O). (2.9) 

Let G = T(O) fl {y n < 1}. In G we have < v < C since v is bounded on dGd {y n < 1}. 
Observe that the boundary of G in {y n < 1} is smooth and uniformly convex. Hence 

KI<C mdGr){y n <^}. 



From (2.2) we have 

C _1 <^<C ondGn{y n < 7 -}. 
The mixed derivative estimate 

3 

\v^\<C on dGH {y n < -}, 

where = Yliilj v yiyji ls f° un d for example in [8, 13]. For the mixed derivative 
estimate we need f t £ C ' 1 , with 

\Df t \ < Ct^H 1 / 2 < C. 

From (2.2) and equation (2.9) we have also 
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^77 < C on dG fl {y n < -}. 

Next we derive an interior estimate for v. 
Lemma 2.1. Let v be as above. Then 

\D 2 v\ < C(l + M) inGn{y n <-}, (2.10) 

where M = sup^ yn<7 ^ 8 ^ \Dv\ 2 , C > is independent of M . 
Proof. First we show va < C for i = 1, • • • , n — 1. Let 

w{y) = pV^i>ii, 

where v\ = v yi , v\\ = v yiyi , and p(y) = 2 — 3y n is a cut-off function, r)(t) = (1 — -j-j ) -1 / 8 . 
If w; attains its maximum at a boundary point, by the above boundary estimates we have 
w < C. If w attains its maximum at an interior point yo, by the linear transformation 

Vi = Vi, i = 2,---,n, 
vu{yo) 

y\ = y\ 7 — ^Vh 

vn{yo) 

which leaves w unchanged, one may suppose D 2 v(yo) is diagonal. Then at yo we have 

= (log«Oi = 4^ + ^ + — , (2.11) 
p V un 

> (log«;)„ = 4(^ - 4) + (- " 4) + (— " V ~¥)- (2-12) 

6 



Inserting (2.11) into (2.12) in the form ^ = + ^) for i = 2, • • • , n and ^ = 

-(4^ + ^) for i = 1, we obtain 

>v u (log w)u 

2 2 o n 2 

>„«(!** _ 3 ^) _ 36t ,u£i + ^^ilil _ 2 y (2.13) 

where (i>* J ) is the inverse matrix of (vij). 
It is easy to verify that 

where C > is independent of M. Differentiating the equation 

logdetD 2 ?; = log(£/ t ) 

twice with respect to yi, and observing that |9i/t| < Cr" -1 ^ 1 / 2 < C and \djf t \ < 
Cr a ~ 2 t < C after the transformation (2.8), we see the last two terms in (2.13) satisfy 

q n 2 1 

v u — - * Z>"^ > " — (log /t)n > -C. 

We obtain 

P 4 vn < C(l + M). 

Hence vu < C for i = 1, • • • , n — 1 in G n {y n < |}. 

Next we show that w nn < C. Let w(y) = p 4 v(^ v n) v nn with the same p and 77 as 
above. If w attains its maximum at a boundary point, we have v nn < C by the boundary 
estimates. Suppose w attains its maximum at an interior point tjq. As above we introduce 
a linear transformation 

Vi = Vh i = l,---,n-l, 
Vin{yo) 

= Vn - 

which leaves w unchanged. Then 



Vn — Vn / \Vii 

Vnn(yo) 



w(y) = (2 - aiyi) 4 ri(-vl)v nn 

and D 2 v(yo) is diagonal. By the estimates for vn, i = 1, • • • , n — 1, the constants ctj are 

uniformly bounded. Therefore the above argument applies. □ 
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Scaling back to the coordinates x, we therefore obtain 

dlut(x) <C in A/2, (2.14a) 
\d c d lUt (x)\<C/Vt in A/a, (2.14b) 
d*u t (x) < C/t in A/2, (2.14c) 

where C is independent of £, £ is any unit tangential vector to <9fi<5 and 7 is the unit 
normal to dQs (<5 = dist(x, <9fi)), and d^d 7 u = ^2^i'JjU XiXj . 

The proof of Lemma 2.1 is essentially due to Pogorelov [18]. Here we used a differ- 
ent auxiliary function, from which we obtain a linear dependence of sup|_D 2 -i>| on M, 
which will be used in the next section. The linear dependence can also be derived from 
Pogorelov's estimate by proper coordinate changes. Taking p = —u in the auxiliary 
function w, we have the following estimate. 

Corollary 2.1. Let u be a convex solution of detD 2 u = f in Q. Suppose info it = — 1, 
and either u = or \D 2 u\ < C (l + M) on dVL. Then 

\D 2 u\(x) <C(1 + M), V x e {u < -h, (2.15) 

where M = sup^ u<0 y \Du\ 2 , and C is independent of M . 

Next we derive some estimates on the level sets of the solution u to (1.1) (1.2). Denote 

Sh,u(y) = {xeU\ u(x) < u(y) + Du(y)(x - y) + h}, 
Sh,u(v) = {xen\ u{x) = u{y) + Du(y)(x - y) + h}. 

We will write Sh, u = Sh, u (y) and S® u = S® u (y) if no confusion arises. The set S^ u (y) 
is the section of u at center y and height h [4] . 

Lemma 2.2. There exist positive constants C2 > C\ independent of h such that 

C 1 h-' 2 <\Sl u {y)\<C2h n ' 2 
for any y G dVt, where \K\ denotes the Lebesgue measure of a set K. 

Proof. It is known that for any bounded convex set /C C R n , there is a unique ellipsoid 
E containing /C which achieves the minimum volume among all ellipsoids containing K 
[3]. E is called the minimum ellipsoid of /C. It satisfies ^(E — x ) C /C — x C E — x 0: 
where xq is the center of E. 

Suppose the origin is a boundary point of H, O C {x n > 0}, and locally dVt is given 

by (2.6). By subtracting a linear function we also suppose u satisfies (2.7). Let E be the 
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(2.16) 



minimum ellipsoid of S® u (0). Let v be the solution to detD 2 u = inf^ f t in S® u , v = h 
on dS% u . If l-E] > Ch n / 2 for some large C > 1, we have inf i> < 0. By the comparison 
principle, we obtain inf u < inf v < 0, which is a contradiction to (2.7). Hence the second 
inequality of (2.16) holds. 

Next we prove the first inequality. Denote 

a h = sup{|x'| | x G S h!U (0)}, (2-17) 
b h = sup{x n | x G S Ku (0)}. (2.18) 

If the first inequality is not true, we have {S® u \ = o{h n / 2 ) for a sequence h — > 0. By 
(2.2), we have S^ u D {x G 90 \ \x\ < Ch 1 / 2 } for some C > 0. Hence b h = o(/i 1 / 2 ). By 
(2.2) we also have u(x) > C \x\ 2 for x G 90. Hence if < Ch 1 / 2 for some C > 0, the 
function 

h 1 / 2 

V = 8 (\x'\ + (— — X n ) 2 ) +£X n 

for some small 5o > 0, is a sub-solution to the equation detD 2 u = f in S® u satisfying 
v < u on dS® u , where e > can be arbitrarily small. It follows by the comparison 
principle that v n (0) < u n (0) = 0, which contradicts with v n (0) = e > 0. 

Hence we have ah/h 1 ' 2 — > oo as /i — > 0. Let xo = (^o,i 5 0, • • ■ ,0, xo,n) (after a rotation 
of the coordinates x') be the center of -E, where E is the minimum ellipsoid of S® u . Make 
the linear transformation 

Vi = xi - (x 0jl /x , n )x n , yi=Xi i = 2,---,n 

such that the center of E is moved to the x n -axis. Let E' = {X^lTi i x i/ a i) 2 < 1} be the 
projection of E on {x n = 0}. Since the origin G S® u and the center of E is located on 
the x n -axis, one easily verifies that a± • • -a n < C\S^ J = o{h n l 2 \ where a n = xo jH . Note 
that xo,i < ah and £o,n < bh < 2nxo tn . By the uniform convexity of 90, we have 

^ > > Ca h » h 1 ' 2 . 
a?o,i a/j 

Hence after the above transformation, the boundary part 90 n 5° u is still uniformly 
convex. Hence as above the function v = 5 YM=i{^~Vi) 2 + * s a sub-solution, and 
we also reach a contradiction. □ 

Next we show that the shape of the level set Sh, u can be controlled by the mixed 
derivatives on 90. 

Lemma 2.3. Let u be the solution of (1.1) (1.2). Suppose as above that 90 is given by 
(2.6) andu satisfies (2.7). If 



\d^u(x)\ < K on 90 
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(2.19) 



for some K > 1, then we have 



a h < CKh 1/2 , (2.20) 
b h > Ch}/ 2 /K (2.21) 

for some C > independent of u, K and h. 

Proof. We need only to prove (2.20) and (2.21) for small h > 0. Suppose the supremum 
a h is attained at x h = (a h , 0, • • • , 0, c h ) G S hjU (0). Let I = S hjU D {x 2 = ■ • • = £ n -i = 0}. 
Then £ C O and it has an endpoint x = (xi, 0, • • • ,0, x n ) G 90 with x\ > such that 
«(£) = /i. If a/j = £i, by (2.2) we have x\ < Ch 1 / 2 , and by the upper bound in (2.16) 
we have b h > Ch 1 / 2 . Hence (2.20) and (2.21) hold. 

If ah > xi, let £ = (£i,0, • • • , 0,£ n ) be the unit tangential vector of 90 at x in the 
xia; n -plane, and ( = (£i, 0, • • • , 0, Cn) be the unit tangential vector of the curve I at x. 
Then all £i, £ n , d, and Cn > 0. Let 6>i denote the angle between £ and £ at x, and 6> 2 the 
angle between £ and the xi-axis. By (2.2) and (2.19), 

\d-yu{x)\ < CK\x\, 
\d^u(x)\ > C\x\. 

Hence 

^<0i<n-^. (2.22) 

But since all £i, £ n , Ci, and Cn > 0, we have 6i + 62 < f • Note that by (2.2) and (2.16), 
a h > Ch 1 ' 2 and b h < Ch 1 ' 2 . We obtain 

a h < X! + b h /tg (6 1 + 6 2 ) < CKh 1 ' 2 , (2.23) 
b h >a h tg(e 1 +e 2 )>Ch 1 / 2 /K. 

Lemma 2.3 is proved. □ 

Lemma 2.3 shows that the shape of the sections S® u (y) at boundary points y can be 
controlled by the mixed second order derivatives of u. If S® u has a good shape for small 
h > 0, namely if the inscribed radius r is comparable to the circumscribed radius R, 

R < C r (2.24) 

for some constant Co under control, the perturbation argument [4] applies and one infers 
that \D 2 u(0)\ is bounded. See Section 6. It follows that u G C 2 ' Q (0) by [2,19]. Estimation 
of the mixed second order derivatives on the boundary will be the key issue in the rest 
of the paper. 
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3. Mixed derivative estimates at the boundary 



For t > small let u t be a solution of (2.5) and assume (2.6) (2.7) hold. As in Section 2 
we use £ and 7 to denote tangential (parallel to <9fi) and normal (vertical to <90) vectors. 

Lemma 3.1. Suppose 

Ic^ctyiitl < K on dfl (3.1) 
for some 1 < K < Ct~ x l 2 . Then we have 

dfu t <C inD t n {x n <t/8}, 
\did n u t \<CK in D t n{x n <t/8}, 
dlu t < CK 2 in D t D {x n <t/8}, 

where C > is a constant independent of K and t. 

Proof. By (2.14c), estimate (3.2a) is equivalent to (2.14a). The estimate (3.2b) follows 
from (3.2a) and (3.2c) by the convexity of u t . By (2.2), (3.1), and equation (2.5), we 
obtain (3.2c) on the boundary dfl. By (2.15), the interior part of (3.2c) will follow if we 
have an appropriate gradient estimate for ut in the set S® Ut (0)- 

Let h > be the largest constant such that S® Ut (0) C D t / 2 and u t satisfies (2.14) in 
{ut < h}. By the Lipschitz continuity of u, we have h < Ct. Let v(y) = ut(x)/h, where 
y = xj \fh. Then v satisfies the equation 

detD 2 ^ = ft in O = {x/Vh \ x E O}. (3.3) 

By (2.16) we have 

< |{v < 1}| < C 2 . 

We claim 

\d n v(y)\<CK V ye{v<^}. 

If (3.5) holds, by Corollary 2.1 (with the auxiliary function w(y) = (| 
the proof of Lemma 2.1), we obtain 

d 2 yn v < CK 2 in {v < 1/4}. 

In the above estimate we have used 

d 2 n log f t (y) = h d 2 Xn log f t (x) < C in {x n < t} 

by our definition of f t in (2.3). Changing back to the x-coordinates we obtain (3.2c). 
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i = 1, • • • , n — 1, (3.2a) 

(3.2b) 
(3.2c) 



(3.4) 
(3.5) 

- v) A r](\vl)v nn in 



By convexity it suffices to prove (3.5) for y G 8{v < \}. Let = h~ 1 ^ 2 ah, where 
is defined in (2.17). If an < C, by (2.16), the set {v < 1} has a good shape. By (2.1) 
and (2.2), the gradient estimate in {v < |} is obvious. 

If a h » 1 (ah < CK by (2.20)), we divide 8{v < \} into two parts. Let 8i{v < \} 
denote the set y G {v = \} flO such that the outer normal line of {v < ^} at y intersects 
with {v = 1} = {y G O | u(y) = 1}, and 8 2 {v < §} denote the rest of 8{v < |}, which 
consists of the boundary part {v < \} D <90 and the points y G {t> = \} at which the 
outer normal line of {v < |} intersects with a boundary point in {v < 1} fl 90. 

Observe that for any y G {i> < 1} fl 90, (3.5) holds by (3.1) since Dv(0) = 0. By 
convexity we obtain (3.5) on the part 82 {v < 

To verify (3.5) on 8±{v < |}, we will construct appropriate sub-barriers to show that 
the distance from {v = 1} to {v < |} is greater than C/K. Then by the convexity of v 
we have \Dv\ < CK on 8\{v < |}. 

Our sub-barrier will be a function defined on a cylinder U = E x (— a n ,a n ) C R n , 
where E = X^i 1 x i/ a i < 1 is an ellipsoid in R n_1 . Suppose a\ ■ ■ -a n = 1. Let w be 
the convex solution to the Monge- Ampere equation det D 2 w = 1 in U satisfying w = 
on 8U. 

By making the linear transformation yi = yi/ai for % = 1, • • • ,n such that U = {\y'\ < 
1} x (—1, 1), where y' = (yi, • • • , y n -i), we have the estimate Ci < — inff/ w < C2 for two 
constants C 2 > Ci > depending only on n. By constructing proper sub-barriers [4], we 
see that w is Holder continuous in y. Hence for any Co > 0, by the convexity of w we 
have the gradient estimate C\ < \Dyw\ < C2 on {w < —Co}, for different C 2 > C\ > 
depending only on n and Co. Changing back to the variable y, we obtain 

Cia" 1 < |D y „«;| < 02a- 1 (3.6) 

at any point y E {w = —Co} such that y' G ^-E 1 . If a := ai • • • a n 7^ 1, then by a dilation 
one sees that (3.6) holds with a n replaced by a n /a. 

In order to use (3.6) to verify (3.5) on the part 8i{v < |}, we first show that 

inf sup u-(y-z)> C/K, (3.7) 

W\ = ly,ze{v<l} 

namely the in-radius of the convex set {v < 1} is greater than C/K, where v ■ y denotes 
the inner product in R n . To prove (3.7) we first observe that by (2.2), 

B ri (0) n dO c {v < 1} n <90 c B r2 (0) n <90 (3.8) 

for some ri, r 2 > independent of t. Let y = (0, ■ ■ • , 0, y n ) be a point on the positive 
x n -axis such that v(y) = 1. To prove (3.7), it suffices to show that 

Vn > C/K. (3.9) 
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Let y = (a, 0, • • • , 0, c) G <90 be an arbitrary point such that v(y) = 1. Then similarly to 
(2.22), the angle at y of the triangle with vertices y, y and the origin is larger than C/K. 
Hence y n > Cn/K > C/K. Hence (3.9) holds. 

Now for any given point y G {v = 1} fl <9fi, let P denote the tangent plane of {v = 1} 
at y. Choose a new coordinate system z such that y is the origin, P = {z n = 0} and the 
inner normal of {v < 1} is the positive z n -axis. Let S' denote the projection {v < 1} on 
P. By (3.4) and (3.7) we have the volume estimate 

< CK. (3.10) 

Let E G P be the minimum ellipsoid of S' with center zq, and Eq C P be the translation 
of -B such that its center is located at the origin z = (the point y). Then we have 
S' C E C 4nE . The latter inclusion is true when E is a ball and it is also invariant 
under linear transformations. 

Let U = f3E x (0,2/ K) and U 1/2 = f3E x (0,1/K). Let iu be the solution of 
detD 2 w = supq ft in U such that w = 1 on <9£7. We may choose the constant (3 > 8n 
such that 2E C /^Eq and inf^ w < — 1 (Note that since |f7| = 2/9"- -1 \E \/K, (3 can be very 
large if \Eq\ << K). Then by convexity we see that w < < v on {z n = 1/-^} C\{v < 1}. 

To verify that w<iion <9fi fl {f < 1}, we observe that either the distance from the 
plane P = {z n = 0} to the set {v < 1} n <90 is larger than C/K, or the angle 9\ between 
the plane P and the plane {y n = 0} satisfies (2.22). In the former case, by (3.6) (with 
a n = 1/K) we have w < v on dfl fl U1/2 if (3 is chosen large, independent of K. In the 
latter case, noting that the boundary part dfl fl {v < 1} is very flat and that \d^v\ < C, 
where ^ is tangential to dfl, by (3.6) we also have w < v on 90 fl C/1/2. Therefore in both 
cases we have w < v on the boundary of the set {v < 1} D Ui/2- 

By the comparison principle, it follows that w < v in {v < 1} D Ui/ 2 - By the gradient 
estimate (3.6) for w, it follows that the distance from {v < -|} to {v = 1} is greater than 
C/K. This completes the proof. □ 

Lemma 3.2. Suppose \D 2 u t \ < K 2 in D t / 8 . Then 

\D 2 u t \ < CK 2 in D 2t 

where C > is a constant independent of K and t. 

Proof. Fix a point xq G D 2 t — Dt/8- F° r an Y small h > 0, there exists a linear function 

x n+ i = a ■ x + b such that a ■ x$ + b = u(xq) + h and xq is the center of the minimum 

ellipsoid E of the section Sh '■= {x G O | it (a;) < a ■ x + b} [5], where a and 6 depend on 

h. Let ft be the largest constant such that Sh- £ CC O for any e > 0. 
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(3.11) 



Make a linear transformation y = Tx such that T(E) is a unit ball. Let v = \T\ 2 / n {u — 
a- x — b). Then v satisfies the equation detD 2 v = f t {T~ 1 {y)) in T(Sh) and v = on the 
boundary dT(Sh)- We have C\ < — inf v < C 2 for two constants C 2 > C\ > depending 
only on n, the upper and lower bounds of f t . Let us assume simply that inf v = — 1. 

Since f t is Holder continuous with exponent a' = eoa, both before and after the 
transformation, by the Schauder type estimate [4], we have u G C 2,a ' (T(Sh))- That is 
for any 5 > 0, there exist C 2 > C\ > depending on n, 8, a' G (0,1), the upper and 
lower bounds of f t , and ||/t||<7«' (H) ' independent of h, such that 

CJ < {D 2 y v(y)} < C 2 I (3.12) 

for any y G {v < —5}, where I is the unit matrix. Note that (3.12) implies that the 
largest eigenvalue of {D 2 v} is controlled by the smallest one. 

Let 5 = 1/64. Since inf v = —1, by convexity, v(yo) < — |, where yo = T(xo). Since 
dist(xo, 90) < 2t, by convexity, there exists a point x* G D t / 8 such that v(y*) < —1/64, 
where y* = T(x*). From (3.12) we have 

\D 2 y v(y )\ < C\D 2 v(y*)\. 

Changing back to the x-variables, we obtain (3.11). □ 

The next lemma is simple but is important for our proof. 
Lemma 3.3. Suppose 

\D 2 ut\ < Cot* 3 ' 1 in D 2U (3.13) 
where (3 G [0, 1] is a constant. Then in D t / 2 , we have 

\u t - u\{x) < Ct p+a ' dist(x, dfi), (3.14) 

where a' = e^a, C is independent of t. 

Proof. By our construction we have ft < / in O. Hence ut > u in O. Let 



-4tP +a 'd x + t^ a '~ x d 2 x if d x < 2t, 

_ 4t f3 + a ' + l if ^ y 2 ^ 



(3.15) 



where d x = dist(x,90). For any point x G D 2t , choose the coordinates properly such 
that D 2 z is diagonal with z\\ ^ • • • <J 2 nn . Then 



detD 2 (u t + C'z) > detD 2 u t + C (detD 2 u t )z, 
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where D 2 u = (u^)™'^. From (3.15) we have z nn > Ct p+a ' _1 . By (3.13) we have 
deW 2 u t > Ct x - p . Hence 

detD 2 (u t + C'z) > ft + C't a ' > f 

if C is chosen large. By the comparison principle, we obtain (3.14). □ 

In Lemma 3.2 we assume that / G C a (0) for some a G (0, 1). This condition is not 
satisfied in the proof of Theorem 1.2. We will need the following alternative of Lemma 
3.3 in this case. 

Lemma 3.3'. Suppose f satisfies 

\f(x)-f(y)\<C\x-y\ V xen,yedn. (3.16) 

Then we have 

\u-u t \{x) <Ct 1+1 / n dtst(x,dQ) 
for some constant C > independent oft. 
Proof. Let 

_ r -At 1+1 / n d x + t x i n dl if d x < it, 

We have 

detD 2 ^ > Ct n in D 2t 
for some C > 0. Under assumption (3.16), we have \f t — f\ < Ct. Hence 

detD 2 (u t + Cz) > detD 2 u t + C{deW 2 u t ) {n ~ 1),n {detD 2 zf' n > f 

Similarly we have det-D 2 ^ + Cz) > detD 2 u t in O. It follows 

\u — ut\(x) < C\z(x)\. 

Hence (3.17) holds. □ 

Let 9 = a/16n if / G C a , or 6 = l/16n if / satisfies (3.16), and t' = t 1+e '. Let u v 
be the corresponding solution of (2.5). By our construction of ft, we may assume that 
ft' > ft so that u t ' < u t . Obviously Lemma 3.3 holds with u replaced by u t > ■ 

Lemma 3.4. Suppose ut satisfies (3.1). Then 

\d^u t ' \ < CK on <9fi, (3.19) 
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(3.17) 



(3.18) 



in O. 



where C is independent of K and t. 

Proof. Suppose the origin is a boundary point and (2.6) (2.7) hold. For any (x', s) G O, 
where s = t'/8, we have 

diU t (x',s) = diU t (x', p(x')) + d n diU t (x',si)(s - p(x')), i<n (3.20) 
di<p(x', s) = di<p(x', p{x')) + d n di<p(x', s 2 )(s - p(x')), 

for some si, s 2 G (p(x'), s). Since Du t (0) = 0, by (3.1) we have \d-yU t (x', p(x'))\ < CK\x'\. 
Hence 

\d n u t (x',p(x'))\<CK\x'\. 
Since d^{ut — <fi) = 0, we obtain 

|0i(u t - <p)\(x', p(x')) < C\x'\ \d n (u t -<p)\< CK\x'\ 2 < CKs. 

By (3.2b) and (3.20) it follows that 

\di(u t - (p)(x', s)\ < CKs. (3.21) 

Let 13 G [0,1] such that K = t^" 1 )/ 2 (by (2.14c) we may assume < 1). Then by 
(3.1) and Lemmas 3.1 and 3.2, \D 2 u t \ < Ct^~ l in D 2t . Hence by Lemma 3.3, 

\u t - u t >\ < CtP +a> s on Qn{x n = s}. 

By (3.2a), 

dfu t < C and dfu t ' < C on On {x n = s}. 

Hence 

\di(u t - ut>)\ < C sup \u t -u t/ \ 1/2 <C{t p+a ' s) 1/2 on Qn{x n = s}. 

{x n =s} 

Recall that s = t'/8 = t^ 1+ ^ /8. We obtain 

\d i {u t -u t ,)\<CtV+«'- 1 -°V 2 s 

<Ct {/3 - 1)/2 s = CKs on nn{x n = s}. (3.22) 

From (3.21) and (3.22) we thus obtain 

\di((p — u t ')\ < CKs on {x n = s}. (3.23) 
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Next we estimate d n ii t > on {x n = s}. First we consider the point (0,s). By convexity 
and (3.14) we have 

d n u t ' (0, s) < - \u t ' (0, 2s) - u t ' (0, s)} 
s 

< -[u t (0 t 2s)-u t (0 t s)] + Cs f,+a ' 
s 

<d n u t (0,2s)+Cs l3+a '. 

By Lemma 3.1, d 2 n u t < CK 2 . Hence d n u t (Q, 2s) < d n u t (0) + CK 2 s = CK 2 s. Note that 
Ks 1 ' 2 < Kt (1 + e V 2 < t 9 / 2 . Hence we obtain 

d n u t ,(Q,s) < CK 2 s + Cs p+a ' 

< Ct'^Ks 1 ' 2 + Cs p+a ' < CKs 1 ' 2 . 

For any point x = (x',s) G O, note that \d n u t (x' , p(x'))\ < CK\x'\, where \x'\ < Cs 1 / 2 
by the uniform convexity of 90. Hence similarly we have \d n u t >(x', s)\ < CKs 1 ! 2 . It 
follows that 

\d n u v (x)\ < CKs 1/2 on {x n = s}. (3.24) 
Denote % = di + Y,j <n Pm*, (0)(xjd n - x n dj) and let 

z(x) = ±T t (u t > - v?) + B(\x'\ 2 + s~ l x 2 n ) - CKx n . 
By differentiating equation (1.1) with respect to T i: one has [8] 

Cz = ±[T i (logf t ,)-C(T i <p)]+2B( vZ + s^uT), (3.25) 

i<n — 1 

where C = ujdidj is the linearized operator of the equation log detD 2 u t > = log f t > , and 
{u\ 3 ,} is the inverse of the Hessian matrix {D 2 u t >}. 

Let G = On{x n < s}. First we verify z < on dG. By subtracting a smooth function 
we may assume that D(p(0) = 0. By the boundary condition we have \Ti(u# —<p)\ < C\x\ 2 
on dfl fl dG. Hence for any given B > 0, we may choose C large such that z < on 
dG n dQ. On the part dG n {x n = s}, by (3.23) and (3.24), 

\Ti{u t , -(f)\(x) < CKs + \x'\ \d n u t r \ < CKs. 

Hence we have z < on dG. 

Next we verify that Cz > in G. We compute 

\D\ogfr\ < CT ,a ~ X < Ct ,eo(a_1) , (3.26) 
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where r' = t' £ ° (e = 1 /An) as in (2.3). Observe that 



Hence we may choose the constant B large, independent of K, t, t', such that Cz > in 
G. Now by the maximum principle we see that z attains its maximum at the origin. It 
follows z n < 0, namely \did n u t >(0)\ < CK. □ 

Now we choose a fixed small constant to > 0, and for k = 1, 2, • • • , let 

tk -*fc_i- • • • -*o > I6n' ^ ^ 

and let ttfc = «t fc be the solution of (2.5) with t = tt- Then we have the estimates 

d%u k <C in £> tfc/8 , (3.28a) 
\d^u k \<C k /Vh in A t/8 , (3.28b) 
9> fc <C fc Ao in D tk/8 . (3.28c) 

where the constant C is independent of k and to- Note that 

C k = 0(\\ogt k \ m ) (3.29) 

for some m > depending only on C. Hence for sufficiently large k, (3.13) holds with 
(3 < 1 sufficiently close to 1. Hence in both Lemmas 3.3 and 3.4, we have 

\u-u t \{x) < Ct 1+a ' /2 dist(x, dtt) (3.30) 

if t > is sufficiently small. In particular (3.30) holds for u t = u tk and u = u tk+1 . From 
(3.28) and (3.29) we also have an improvement of (2.20) and (2.21), namely for any small 

S > 0, 

a h < C/i (1 -^ )/2 , (3.31) 
b h > Ch^ 1+S) / 2 , (3.32) 

provided h is sufficiently small, where C is independent of h. 

With estimate (3.30), we may introduce the notion of affine invariant neighborhood 
(with respect to the origin). Let Tj, (i = 1,2), be two convex hypersurfaces which can 
be represented as radial graphs. That is T; = pi{x) for x G S n , the unit sphere (or a 
subset of S n ). We say T 2 is in the affine invariant 5- neighborhood of r l5 denoted by 
r 2 c AsiTt), if 

(l-S) P 2 <Pi < (l + 5)p 2 . (3.33) 
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If T 2 C Asfix), then T(T) C A s (T(dQ)) for any affine transformation T which leaves 
the origin invariant, namely T(x) = T ■ x for some matrix T. 

Estimate (3.30) gives a control of the shape of the level set Sh, Uk (0) for sufficiently 
large k. Let h = by convexity and (3.30) we have 

| it*, — < Ct\ +a ^ 2 dist(;r, <9Q), 
\Du k \(x) > h/\x\ for x G Sh,u k (0), 
where we assume that Wfc(0) = 0, Duk(0) = 0. It follows 

^(OjcAjf^fO)) (3.34) 

with 

,l+a'/2 , 

< tf 2 - 1 - 2 Vi = < /2 " 9 < < /4 (3.35) 

up to a constant C. Note that |x| does not appear in (3.35), and (3.34) also holds with 
u replaced by Uk+i- 

As a consequence we have an estimate for the shape of the level set Sh, u (y) for any 
y G <9fi. By subtracting a linear function (which depends on k), we assume itfc(O) = and 
Duk(0) = 0. By the second inequality of (2.16) we have Sh jUk (0) C D tk / 2 for h = Cot 2 .. 
For simplicity we assume that Co = 1. We define ah,k and 6^ as in (2.17) and (2.18) 
with u = Uk- Let 

h,k = sup{t | (0,- ) 0,t)eS Mk (0)}. 
By Lemma 2.3 and convexity, 

a h ,k C 2k 

Note that /i 1 / 2 =tk = ^k-i = • • • = £o 1+6 ^ • Consequently for any given 5 > 0, 

provided k is sufficiently large, where C = C(5,0,t o ). Let 

b h = sup{t | (0,...,0,*)e 5/^(0)}. 

By (3.30) it follows 6 h > Ch^+^Z 2 . Hence 

«(0,a; n )<(7if 1+5 ) (3.36) 

for x n = /i( 1+<5 )/ 2 (h = t 2 ). As k > 1 can be chosen arbitrary, the above estimate holds 
for all x n > small. By convexity and the boundary estimates (2.2), we then obtain 

u(x) < C\x\ 2 ^ 1+S) (3.37) 

for x G O near the origin. Therefore we have the following C 1,a estimate at the boundary. 
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Theorem 3.1. Let u be a solution of (1.1) (1.2). Suppose 90, </? and f satisfy the 
conditions in Theorem 1.1. Then for any a G (0, 1), we have the estimate 

\u(x) - u(x ) - Du(x )(x - x )\ < C\x - x \ 1+& (3.38) 

for any x G O and xq G 90, where C depends on a. 

Obviously Theorem 3.1 also holds for u t for any t > 0, and the constant C in (3.38) 
is independent of t. In the next section we will use a different form of (3.38). That is 

Lemma 3.5. Let u satisfy (3.38). Then 

\Du(yo)-Du(y)\<C\y -y\ & (3.39) 

for any yo G 90 and y G O. 

Proof Assume it(0) = 0, Du(0) = 0, and y is on the x n -axis. By convexity we have 
dvu(y) < j[u(y+tu) — u(y)] for any unit vector v such that y+tu G O, where t = ^lul- By 
(3.38), u(y + tv),u(y) < Ct 1+a . Hence d v u(y) < Ct & . It follows that \Du(y) - Du(0)\ < 
C\y\ a . Similarly we have \d n u(y ) — d n u(0) \ < C\y \ a for y G 90 near the origin. From 
the boundary condition, we then infer that \Du(yo) — Du(0)\ < C\yo\ a . Hence (3.39) 
holds. □ 



§4. Continuity estimates for second derivatives 

Our passage to C 2 estimates at the boundary uses a modulus of continuity estimate 
for second derivatives proved by Caffarelli, Nirenberg, and Spruck in their treatment of 
the Dirichlet problem for the Monge- Ampere equation [8, 13]. 

Let u t be the solution of (2.5). As before we always suppose the origin is a boundary 
point and near the origin 90 is given by (2.6), and u t satisfies (2.7). 

Lemma 4.1. Suppose u t satisfies (3.1). Then we have 

CK m 

\d^u t (x)-d^u t (0)\ < (4.1) 

| log \x\ — iogt\ 

where m = 50, x G 90, |x| < t/2. 

Proof. Although Lemma 4.1 is proved in [8, 13], we provide an outline here in order to 

display the polynomial dependence on the eigenvalue bounds of the coefficients. 
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Let v = u t /t 2 , y = x/t. Then v is denned on the set {p(y') < y n < 1}, where 
p(y') = \p{ty'). By (2.2), u#>C> 0. By the upper bound in (2.16), u t (0,x n ) > Cx 2 n . 
Hence we have 

v>C on {y n = l} (4.2) 
for some positive constant C. By (3.1) and Lemma 3.1, we have 

C-'K- 2 <D 2 v<CK 2 in G = B 1/2 (0) n {y n >p{y')}, (4.3) 

where the constant C is independent of K. 

Let T = di + (d l p)d n . Then T(v - ip) = T 2 (v - ip) = on dG n S 1/2 (0), where 
ip(y) = ip(ty)/t 2 and <p is the boundary value in (1.2). By subtracting a smooth function 
we may suppose that Dip(0) = 0. Computation as in §4 in [8] shows that 

C(T 2 (v-ij)) > -CK 8 , (4.4) 

where C = v^didj. Note that the Holder continuity of f t suffices for (4.4), as in the 
proof of Lemma 2.1. By (4.3), the least eigenvalue A and the largest eigenvalue A of D 2 v 
satisfy C^K' 2 < A < A < CK 2 . Hence 

z = a\y'\ 2 - by* + cy n , 

is an upper barrier of T 2 (v — tfj) (in a neighborhood of the origin) if we choose a = C\K 2 , 
b = C 2 K 10 , c = C 3 K 10 such that C 3 » C 2 » d > 0. It follows that 

vun(0) < CK 10 . (4.5) 

Let h = CK 10 \y\ 2 -v n . Then 

\Ch\ < CK 12 in G. (4.6) 

Making the transformation z' = y', z n = y n — p(y') to straighten the boundary 90 near 
the origin, we may suppose G = By 2 = Bi/ 2 fl {y n > 0}. By (4.5), h is convex on 
Bi/ 2 (0) fl {x n = 0} if C is chosen large. Hence by the following lemma 4.2, we obtain 

CK m 

\d&v(y) - d&v(0)\ < ——-r (4.9) 

| log |2/| ] 

with m = 50. Scaling back, we obtain (4.1). 

The following Lemma 4.2 is equivalent to Lemma 5.1 in [8]. 
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Lemma 4.2. Let h E C 2 (B+ /2 ) n C°(B+ 2 U T) satisfy 

Ch = a^didjh < J (4.7) 

in By 2 , where T = dBy 2 (~]{x n = 0}. Let A and A be the least and the largest eigenvalues 
of the matrix {a lJ }. Suppose h\ T is convex. Then for x,y G T near the origin, 

\dih(x) - dih(y)\ < — — ^ A(l±A) s snp (\h\ + \Dh\), i<n. (4.8) 

| log \x — y\\ A v A ' 

The main feature of Lemma 4.2, which we used in this paper, is the polynomial 
dependence of the modulus of the logarithm continuity of dih on the eigenvalues of the 
matrix {ay}. Alternatively we could have used the boundary Holder estimate of Krylov 
[16], which would imply (4.1) with some modulus of continuity. 



§5. Mixed derivative estimates at the boundary continued 

To prove the C 2,a estimates at the boundary, we need a refinement of Lemma 3.4. 
Let tk be as in (3.27) and Uk be the solution of (2.5) with t = tk- 

Lemma 5.1. For any given small a > 0, there exists K > 1 sufficiently large such that 
if 

\d^djUk\ < K on 90, (5.1) 

then 

\d£d y uk+i\ < (1 + v)K on 50, (5.2) 
where £ is any unit tangential vector on dVt, and 7 is the unit outward normal to dVt. 
The constant a > will be chosen small enough so that 

(1 + 10a) m < 1 + \o, (5.3) 

where m — 50 as in (4.1) and 6 = a/16n as defined before Lemma 3.4. We also assume 
K is sufficiently large and tk sufficiently small such that 

Ka 2 > 1, (5.4) 
K 20 t k < a 2 . (5.5) 

Note that (5.5) is satisfied when k is large, see (3.29). Therefore we can also choose to 

sufficiently small such that (5.5) holds for all k. 
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Proof of Lemma 5. 1. The proof is also a refinement of that of Lemma 3.4. As before we 
suppose the origin is a boundary point and near the origin dVt is given by (2.6), and u k 
satisfies (2.7). Then by (3.30), 

|D« fc+ i|(0) = 0(^ +a ' /2 ) = o(t k+1 ). (5.6) 

By subtracting a smooth function we assume that ip(0) = 0, D(p(0) = 0. 

Let C = uf! +1 didj be the linearized operator of the equation log detD 2 u k+ i = log ft k+1 ■ 
Let G = D tk+1 /g fl {x n < s}, where s = tj^. Let 

T = Tj = dj + ^ pa,.^. (0)(x J 9 n - x n dj) 

j<n 

z(x) = ±T l (u k+1 -<p) + ^(\x'\ 2 + s- l x 2 n ) - (1 + 8a)Kx n . 

If Cz > in G and 2 < on dG, then by the maximum principle, z attains its maximum 
at the origin. Hence z n < and so \did n Uk+i(0)\ < (1 + 10a) K if aK is large enough to 
control l-D 2 ^]. Hence Lemma 5.1 holds. In the following we verify that Cz > in G and 
z < on dG. 

The verification of Cz > in G is similar to that in the proof of Lemma 3.4. We have 
Cz = ±[T(log/ tfc+1 ) - C(T<p)} + ( J2 <+i + « _1 «2+i)- ( 5 - 7 ) 

i<n— 1 

Similar to (3.26), 

iTaog/^J-r^l^C^r^, 

+ s" 1 ^! > ns- 1/n [detD 2 w fc +i]" 1/n > Cs- 1/n , 

where £0 = l/4n. Hence £z > as s = is very small. 

To verify z < on <9G, we divide the boundary <9G into three parts, that is d\G = 
dG n dfi, a 2 G = dG n {x n = s}, and d 3 G = <9G n dO t (t = t fc+1 /8). 

First we consider the boundary part d\G. For any boundary point x G dVt near the 
origin, let £ = £y be the projection of the vector T = <9j + Pij(0)(xjd n — x n di) on the 
tangent plane of dVL at x. We have 

|(T-0I(*)<CM 2 . (5.8) 

Hence for x G <90 near the origin, we have, by (3.39) and (5.6), and noting that d^(u k+ i — 
<p) = 0, 

\T(u k+1 - <p)(x)\ < C\x\ 2 \d 1 (u k+1 - (p)(x)\ 

<c|x| 2 (|xr + |a 7 K +1 -v?)(o)|) 

<C\x\ 2 (\xf + t k+1 ), (5.9) 
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where t k+ i = s 4 . Hence z < on diG. 

Next we consider the part d 2 G. For any given point x = s) G d 2 G, let x = 
(x\ p(x')) G 90. As above let £ be the projection of T(x) on 90. Then 

de(u k +i - <p)(x) = d^(u k+1 - <p)(x) + d n d^(u k+1 - <p)(x', s')(s - p{x')) 

for some s' G (p(x')-> s). By Lemma 3.4, 

\d n d£Uk+i\ < \d 7 d^u k +i \ + \d^Uk+i\ < CK. 

Note that d^(u k+1 - <p)(x) = and \s - p(x')\ < (1 + C\x'\ 2 )t k+1 = 2s 4 . Hence by (5.8), 

\T(u k+1 - <p)(x)\ < \d^(u k+1 - <p)(x)\ + \T - f| \dj(u k+1 - <p)(x)\ 

<Cs 4 K + C\x\ 2+a . (5.10) 

where we have used that \T(x) - £\ < \T(x) - T(x)\ + \T(x) - £\ and 

\T(x) - T(x)\ = \ ^2pij{0)(x n - x n )dj\ < Ct k+1 = Cs 4 . 

3 

Hence z<0on d 2 G. 

Finally we consider the part d^G. We introduce a mapping rj = rj k from 90 to 90 4 for 
t = tk+i/S. For any boundary point y G 90, by the strict convexity of u k , the infimum 

M{u k (x) - u k (y) - Du k (y)(x - y) \ x G 90 t } 

is attained at a (unique) point z G 90 t . We define 77(7/) = z. In other words, z is the 
unique point in dfl t H Sh, Uk (y) with /i > the largest constant such that 5° Ufc (y) C -D*. 
The mapping 77 is continuous and one to one by the strict convexity and smoothness of 
dVt t - The purpose of introducing the mapping 77 is to give a more accurate estimate for 
\T(u k - <p)\(p) for pedQ t . 

First we consider the point p = (pi,-- - ,p n ) G 90 t such that r]~ 1 (p) is the origin. 
Suppose as before that locally near the origin, 90 is given by (2.6) and u k (0) = 0, 
Du k (0) = 0. Then h = inf^ u k . By a rotation of the coordinates x', we suppose that 
{dijUk(0)}2j = i is diagonal. We want to prove that 

\pi\ < l 2 +A L Kt Vi = l,-..,n-l, (5.11) 
Pn<t + o(t)- (5.12) 

By (2.2), dfu k (0) has positive upper and lower bounds. By (3.39), the tangential 
second derivatives of u k are Holder continuous. Indeed, by the boundary condition 
u k = ip on 90, we have 

9| c Wfc + p^d 7 u k = d 2 c ip + p^djip, (5.13) 
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where £ and ( are unit tangential vectors, and 7 is the unit outer normal. By (3.39), 
d^Uk is Holder continuous. Hence 

\dl <Uk (x) - dl c u(0)\ <a 2 (5.14) 

for any x G <9fi near the origin and any unit tangential vectors £ and (. 

We will prove (5.11) for i = 1. By restricting to the 2-plane determined by the ^i-axis 
and without loss of generality we may assume that n = 2. Denote 

a h = sup{|xi| I x G S h , Uk (Q)}, 
b h = sup{x n I x G S h:Uk (0)}. 

where h = infgn t u k . Then it suffices to prove 

a h < ^^Kt, (5.11') 
b h <t + o(t). (5.12') 

Note that we have now x = (xi,x n ), and the domains D u Vt t denote the restriction on 
the 2-plane. 

Assume the supremum an is achieved at Xh = (cih,Ch). In the two dimensional case, 
the level set i := Sh, Uk is a curve in O, which has an endpoint x = (£1, x n ) G <90 with 
xi > 0. 

If cih < Ch 1 / 2 for some C > under control, by (2.16) we have b h > Ci/1 1 / 2 . In this 
case we have t > C 2 h 1 / 2 . Hence (5.11') holds for sufficiently large K. 

If a h > Ch 1 / 2 (let us choose C = a" 2 ), let f , C, 0i, #2 be as in the proof of Lemma 2.3. 
Then 9 1 + e 2 < tt/2. By (5.1) and (5.14), 

\d-,u k (x)\ < (1 + a)K\x\, (5.15) 
\d£U k {x)\ > (l-a)d 2 u k (0)\x\. (5.16) 

Hence tg#i > (1 ~ffJ)^ (0) • Note that + 9 2) < c h /(a h - xi) by the convexity of L 
We obtain 

1 + 2(7 T, 
dfu k (0) 

Recall that h}l 2 < a 2 an by assumption, and x\ < Ch}l 2 by (2.2). Hence we obtain 

1 + 3(7 . 

ah < ^2 — 7W{ Kc h- ( 5 - 17 ) 
d(u k (0) 



Suppose dVt t is locally given by 



x n = pt(x'). (5.18) 
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Then p t is smooth and uniformly convex. It is easy to see that pt(0) = t and \Dp t \(0) = 
o(t). Hence we have 

c h <t + C ia 2 h + o(t)a h . (5.19) 

By (3.31), a h < Ch^-W 2 . By (3.36), h < Ct 2 ^ 1+S \ where 5 > can be arbitrarily 
small as long as t is sufficiently small. Hence we have Ch < t + o(t). Therefore (5.11) 
holds. 

To prove (5.12), assume that the supremum bh is attained at Xh = (dh,bh)- Then 
bh < Pt(dh)- Hence 

b h < t + Ctdl + o(t)d h < t + o(t). (5.20) 

Recall that dh < a-h < Ch^ l ~ 5 ^ 2 , and by our definition of h, bh > t. Hence (5.12) holds. 
Now we prove 

\T(u k -<p)\(p) < (l + 6a)Kp n (5.21) 
at p = 77(0). Let £ be the projection of T(p) on the tangent plane of dQ t at p. We have 

\T(p)\<l + C(p n + \p\ 2 ), (5.22) 
\(T-0(p)\<C(p n + \p\ 2 ). (5.23) 

Hence 

\T(u k - ip){p)\ < \d t {u k - tp)(p)\ + C(p n + \p\ 2 )\D(u k - tp){p)\. (5.24) 

By (3.39), 

\D(u k - (f)(p)\ < C\pf. 

Hence the second term in (5.24) is small. By (5.13), we have dfj(p(0) = d 2 jUk(0) for 
i,j = 1, • • • ,n — 1 (recall that we assume D(p(0) = at the beginning). Hence near the 
origin we have, by the Taylor expansion and (5.11), 

\dMp)\ < (1 + a)\p J d i d j u k (0)| 

<(l + 5a)Kp n . (5.25) 

By our definition of the mapping 77, d^u k = at p. (This is the purpose of introducing 
the mapping 77). Hence 

\dt(u k - <p)(p)\ < (1 + Qci)Kp n . (5.26) 

By (5.24) we therefore obtain (5.21). 

Next we prove (5.21) for any given p e d^G. Let y = r]~ 1 (p), where 77 is the mapping 
introduced above. Then by (5.14) we have, similarly to (5.11), 



l + 5a 
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\Pi-Vi\ < ^T77^ Kt - ( 5 - 27 ) 



Choose a new coordinate system such that y is the origin and the positive x n -axis is the 
inner normal at y. Subtract a linear function from both u k and <p (which does not change 
the value of T(u k — <p)) such that Duk{y) = 0. As above let £ be the projection of T(p) 
on the tangent plane of dfl t at p. By (3.39), \Du k \, \D(p\ < a 2 in G. Hence 

\Tu k {p)\ < \d£U k {p)\ + \T{p) -d \Du k (p)\ < Cp n , 
\T<p(p)\ < \d^(p)\ + Cp n . 

By (5.13) and noting that \Dip\ < a 2 , we have, similar to (5.14), 

\&l c <p(x) -dl c u k (0)\ <a 2 . 

Hence as (5.25) we have 

\dt<p(p)\ < (l + 6a)Kp n . 

Hence (5.21) holds at any point p G d^G. 

With (5.21) we are now in position to prove z < on <9 3 G. By (3.30), 

\uk+i - u k \(x) < Ctl +0! /2 t x G dflf 

Hence by (3.28a), 

l^(« fc+ i - u k )( x )\ < citl^'S) 1 ' 2 < cejS x G dQ t , 

where £ is any unit tangential vector to dVt t - Hence 

\T(u k+1 -u k )(x)\ < \d^(u k+1 -u k )\ + C(t+ \x\ 2 )\D(u k - <p)\ 
< Ctl /8 t + Cx n . 

In view of (5.21), it follows that 

\T(u k+1 -<p)(x)\ < (l + 7a)Kx n x G dflf (5.28) 

From (5.28) and noting that oK » 1, we obtain z < on d^G. This completes the 
proof. □ 

By Lemma 5.1, we improve (3.28) to 

0fu fc < C in D tk/8 , (5.29a) 

\d^ lUk \ <C(l + a) k in D tk/8 , (5.29b) 

d 2 u k <C(l + a) 2k in D tk/8 , (5.29c) 
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where C depends only on n, 90, /, to, and <p. 

Now we apply the estimate (4.1) to the section S® Ufc (0), where 

h = t 2 k+1 =t 2 k {1+e) , 6 = a/16n. 
For any x G 90 fl , we have by (2.2), 

|x| < C7* 1/2 < Ct k+1 . 

By (4.1), 

|a € a 7 « fc (x)-^a 7Ufc (o)|< [( :: f ' T)A] '" 



log | x | - logtfcl 

By our definition, t k = t]^X = ■ ■ ■ = t 1+6 ^ . We obtain, by the choice of a in (5.3), 

\d&u k (x) - d^u k (0)\ < g il±^p- , (5.30) 

where C depends only on n, 90, /, <p and to, and is independent of k. 
Proof of Theorem 1.1. We will first prove 

sup \D 2 u(x)\ < C. (5.31) 

Suppose the origin is a boundary point such that O C {x n > 0}. We will prove D 2 u is 
bounded at the origin. By making a linear transformation of the form 

yi = Xi-aiX n , i = 1,- • • ,ra- 1, (5.32) 

we may suppose did n u k (0) = 0, where by (5.29b), 

\oa\ < C(l + a) k < C\\ogh\. 

Hence the boundary part {x G 90 | u k (x) < h} is smooth and uniformly convex after the 
transformation (5.32). By (5.30) there is a sufficiently large k such that when k > k , 

\d^u k (x)\<C (5.33) 

for x G 90 with \x\ < t k +i- Hence from (2.20) and (2.21), 

a h ,k = sup{\x'\ | x G S hjUk (0)} < Ch 1 / 2 , 

b Kk = sup{x n | x G S htUk (0)} > h l ' 2 /C (5.34) 
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for some C > depending only on n, f, ip and <9fi, but independent of k. That is the 
section S% u has a good shape, as defined in (2.24). 

By (3.34), Sfl u also has a good shape for h < t\ +1 . Now the perturbation argument 
[4], see Section 6, implies that 

C x \x\ 2 < u(x) < C 2 \x\ 2 , (5.35) 

where we assume u(0) = 0, Du(0) = 0. Furthermore, \D 2 u(x)\ < C, for x G O near 
the origin. Making the inverse transformation of (5.32), we obtain (5.31) for x near the 
origin. The interior second order derivative estimate was established in [4]. Hence (5.31) 
holds. 

Estimate (5.31) implies the Monge-Ampere equation is uniformly elliptic, and hence 
the C 2 ' a estimate follows [2,19]. □ 

Remark. Estimate (5.30) actually implies a continuity estimate for the mixed second 
derivatives of u on the boundary. By the C ,a estimate (Lemma 3.5) and the equation 
itself, we can then infer a continuity estimate for D 2 u on the boundary. However, unless 
the inhomogeneous term / is smoother, we shall need to use the perturbation argument 
of the next section to derive continuity estimates for D 2 u near the boundary. 



§6. The perturbation argument 

In this section we provide the perturbation argument [4] which enables us to proceed 
from a level set of good shape to second derivative estimates. 

Theorem 6.1. Let u be a convex solution to (1.1) (1-2). Suppose there is an ho > 
such that for any boundary point y G dQ, S® u (y) has a good shape. Then under the 
assumptions of Theorem 1.1, u is C 2,a smooth up to the boundary. 

Proof. Let the origin be a boundary point such that Q C {x n > 0}. By subtracting a 
linear function we suppose 

u(0)=0, Du(0)=0. (6.1) 
By a rescaling u — > u/ho, x — > xj\fho, we may suppose ho = 1 and 

l/(aO-/(0)|<eM a (6-2) 

for some e > sufficiently small. For simplicity we suppose f(0) = 1. By (2.2) we have 

C" 1 <u^<C on dn (6.3) 

for any unit tangential vector £. First we need two lemmas. 
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Lemma 6.1. Let Ui, i = 1, 2, be two convex solutions of detD 2 u = 1 such that u\ = U2 
on dfl. Suppose || < C in S? >U1 (0). Then if 

\ui—u 2 \<5 in S® Ui (6.4) 

for some sufficiently small 6 > 0, we have 

\D 2 ( Ul -u 2 )\<C5 in S° 1/2ui . (6.5) 

Proof. We have 

f 1 d 

detD 2 u 2 - detD 2 Ul = / — det[D 2 Ul + t(D 2 u 2 - D 2 Ul )]dt 

Jo dt 

= a ij (x)d i d j (u 2 - Mi) =0, (6.6) 

where L = aij(x)didj is a linear, uniformly elliptic operator with Holder continuous 
coefficients. By the Schauder estimates for linear elliptic equations, we obtain (6.5). □ 

Lemma 6.2. Let u be as above such that u has a good shape. Then for h G (0, 1/4], 

S h , u C Nsih^E) (6.7) 

with 

5 <C{h {1+ ^/ 2 + /i" 1/2 £), (6.8) 

where a is any constant in (0, 1), N$ denotes the 6 -neighborhood, E is an ellipsoid of 
good shape. 

Proof. Let v be the solution of 

detD 2 v = /(0) = 1 in S° u 

such that v = u on dSi u . Since u = (p £ C 3 on <90 and 90 G C 3 , from [22] we have 
w G C 2A (Sl /A u ) V d G (0, 1). By the Taylor expansion, 

v( X ) = v( 0)+ v i(0 )x, + ^(0K % + O (N^), 
we have, on 67^(0), 

C" V /2 < < C7i 1/2 . (6.9) 

Hence 

Sm(0) ^N^h^E) 
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with 6 < Ch( 1+& ^ 2 , where E is the ellipsoid {x E R n \ ^(O)^- = 1}. 

By (6.2) it is easy to verify that \u — v\ < Ce, and by (6.3) we have |£H;(0)| < Ce. 
Hence by (6.9), we have 

S°h-Ch-^,vM < S lu(0) < S° h+Ch - 1/2£ , v (0) (6.10) 
provided e « /i 1 / 2 . Hence 

Sh,u C N Ch -i/2 £ (Sh, v ) C N Ch (i+ &) /2 +Ch -i/2 e (h 1/2 E). □ 
Proof of Theorem 6.1 continued: Let it/-, k = 0, 1, • • • , be the solution of 

detD 2 u k = 1 in S®- k u , 
u k = u on dS®- k u . 

Since Si u has a good shape, by the regularity of the Monge- Ampere equation, we have 
H^o || c 2 >«(S° 4 ) < C. Denote 

u k = sup{|/(x) - 1| | x E S^- k J, 

where /(0) = 1 by assumption. By the comparison principle we have \u — uq\ < Cujq. 
Hence if the constant e in (6.2) is sufficiently small, Sy 4 u has a good shape. It follows 
lltti 11(72, &( S o \ < C. Note that \u\ — uq\ < Cuq. By Lemma 6.1 we obtain 

^ 3/16, ui ' 

\D 2 u (x) - D 2 ui(x)\ < Cu for x E Sj_ 3>ttl . (6.11) 

It follows that 2 2 S®_ 2 has a good shape, where tQ = {x E R n | tx E O}. 

Let Rk = sup{|x| | x E S®_ k u }, namely Bn k (0) is the smallest ball containing S®_ k u . 
By (6.11) there is a constant j3 > such that 

i?i < (1 - 0)Ro. (6.12) 

For k = 1,2, applying the same argument to Uq := 4 k Uk(2~ k x) and U\ := 
4 k Uk+i(2~ k x), we obtain 

\D 2 u k (x) - D 2 u k +i(x) \ < Cu k for x E S^- k - 2 jUk+1 - (6.13) 
From (6.2) and by induction we have 

R k <(l-p)R k -i<C(l-p) k , 

u k <Ce{l-(3) ak . 
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Hence we obtain from (6.13), 



k 

\D 2 u (x) - D 2 u k+1 (x)\ < Cj2"i for x e S2_ fc _ 3)Ufc+i , (6.14) 

i=0 

where the right hand side < Ce. Hence S®- k u = S®- k Uk has a good shape. From 

(6.14) we see that {D 2 u k +i(0)} is convergent. Hence u is twice differentiable at 0, and 
D 2 u(0) = lim k ^ oo D 2 u k (0). Moreover, (D 2 it) is positive definite, so the Monge-Ampere 
equation (1.1) is uniformly elliptic. The Holder continuity of D 2 u follows from [2, 19]. 

The Holder continuity of D 2 u also follows from (6.14) immediately. Indeed, let x be 
a point in O near the origin. Choose ko such that x G S A -k o -i u (0). For k > ko, let u k 
be the solution of 

detD 2 u k = f k in S%- kjU (x), 
u k = u on dS2- k>u (x), 

where f k = inf{/(x) | x G S®_ k u (x)}. Then similarly we have 

k 

\D 2 u ko (x) - D 2 u k+1 (x)\ <CJ2 ( 6 - 15 ) 

i—k 

where Qj k < s\xp{\f(x) —f(x)\ \ x G S®_ k u (x)}. Since / is Holder continuous, J2°l ko oJi < 
CcIq and ^SU UJi — > wnere is the diameter of the set S 4 -k -i u (0). From (6.14), 

(6.15) , and the interior smoothness of u ko , and by choosing appropriate ko, we obtain 
the Holder continuity at the origin, 

\D 2 u(x) - D 2 u(0)\ < C\x\ a ' (6.16) 

for some a' G (0, a). From (6.16) we obtain the global Holder continuity for D 2 u. Indeed, 
let 1,1/6 and close to dfl. If \x — y\ > 5o(dist(x, dQ) + dist(y, dQ)) for some constant 
do > 0, let x,y G 90 be the boundary points closest to x,y. Then by (6.16) (denote 
A(x,y) = \D 2 u(x) — D 2 u(y)\ for short) 

A(x, y) < A{x, x) + A{x, y) + A{y, y) < C\x - y\ a ' . 

Otherwise the estimate for A(x,y) is equivalent to the interior one [4]. □ 

Remark 6.1. For the estimate (6.16), if x is also a boundary point, the proof uses only 

the Holder continuity of / in the sets S® u (x) for x G 90. Hence if / satisfies (3.16), D 2 u 

is Holder continuous on 90. We do not require that / is Holder in O. 
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Remark 6.2. We have actually proved that D 2 u is continuous if / is Dini continuous, 
that is if 

/ — —dt < oo, 
Jo t 

where u(t) = sup{|/(:r) — f(y)\ \x — y\ < t}, so that the right hand side of (6.14) is 
convergent. 

Remark 6.3. For the interior C 2,a estimate, the condition that S® Q u has a good shape is 
automatically satisfied if u is a strictly convex solution, since the convex set u can be 
normalized by a linear transformation. However for the C 2,OL estimate at the boundary, 
we can only do linear transformation of the form (5.32) with relatively small ctj, and must 
prove (5.34) for u so that the level set has a good shape. Other linear transformations 
may worsen the boundary condition. 



§7. Application to the affine mean curvature equation 

In this section we prove Theorem 1.2. First we prove the uniqueness of solutions. 

Lemma 7.1. There is at most one uniformly convex solution u G C 4 (0) n C 2 (0) of the 
second boundary value problem (1.4)-(l-6). 

Proof. Suppose both u\ and u 2 are solutions. We have, by the concavity of the affine 
area functional A, 



A( Ul ) - A(u 2 ) = [ (detD 2 Ul ) 1/{n+2) - (detD 2 u 2 ) 1/(n+2) 
Jn V 

< — — r / W 2 U2 J D ij (u 1 -U 2 ) 

= — — [/ liDjfa -u 2 )w 2 U l 2 3 + / (u 1 -u 2 )f(x)]. 
n + 1 JdQ Jo, 

where we have used the divergence free relation diU^ = V j. Similarly we have 
A(u 2 ) - A( Ul ) < [ iiDj{u 2 - u^Ul 3 u 2 )f{x)]. 



Note that w\ = w 2 on dQ. Hence 



o< [ wmDjim - u 2 )(u l 2 3 - u[ j ) = - [ wmDjim - u 2 )(u\ J - u'j). 

JdVL Jdfl 
For any given boundary point, suppose e n = (0, ■ ■ ■ , 0, 1) is the inner normal there. Then 
7 = — e n , and the right hand side of the above inequality is equal to 



- / Wl D n ( Ul -u 2 )(ur-ur), 

JdQ 
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where U nn = det(u XiXj )\2 jl^ Since u\ = u 2 on <90, we have 

ur-ur>o if |^-<|^. 

Hence we obtain 

0< / w 1 D n (u 1 -u 2 )(Ur-Ur)<0, 

JdSl 

which implies Dui = Du 2 on <90. Hence u\ = u 2 by the concavity of the affine area 
functional. This completes the proof. □ 

In the following we always assume that u G C 4 (0) is a uniformly convex solution of 
(1.4)-(1.6) and the conditions of Theorem 1.2 hold. By Aleksandrov's maximum principle 
[13], u G W 4 ' P (Q) (p > n) suffices for the estimates below. Note that u G W^(Q)nC 2 {Q) 
suffices for Lemma 7.1. The following lemma is taken from [21] 

Lemma 7.2. There exists a constant C > such that any solution u of (1-4) satisfies 

C" 1 <w<C in O, (7.1) 
\w(x) — w(xo)\ < C\x — xq\ V x G O, xq G 90, (7.2) 

where C depends only on n, diam(Vt), sup n |/|, and sup^ \u\. 

Proof. Let z = log w — u. If z attains its minimum at a boundary point, by the boundary 
condition (1.6) we have w > C in O. Let us suppose z attains its minimum at an interior 
point xq G O. At this point we have 

= Zi = Ui, 

w 

n <r _^ w v w i w J _ 

U ^ Zij — „ 
WW 2 

as a matrix. Hence 

< u ij Zij <-jje~ n 

where d = detD 2 u, 9 = l/(n + 2). We obtain <i(xo) < C. Since z(x) > z(x ), we obtain 

w(x) > w(xo)exp(u(x) — u(xo)). (7.3) 

The first inequality in (7.1) follows. 

Next let z = logw + A\x\ 2 . If z attains its maximum at a boundary point, by (1.6) 
we have w < C and so (7.1) holds. If z attains its maximum at an interior point xq, we 
have, at xo, 

= Zi= — +2Axi, 
w 

> zu = — - -\ + 2A. 
w w z 
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Suppose (D 2 u) is diagonal at x . Then 

> u ij zu = 4 - ^A 2 x 2 u u + 2Au u > 4 + Au u (7.4) 
if A is small. Observe that 

d e j2 uii > c£>") 2/(n+2) 

We obtain ^u m < C, and hence (7.1) is proved. 

Let v be a smooth, uniformly convex function in O such that v = ip on 90 and 
D 2 w > if. Then 

U ij Vij >Kj2 uU > CK[detD 2 v]( n - 1)/n > CK. 

Hence if K is large enough, v is a lower barrier of w (regarding (1.4) as a second order 
elliptic equation of w). We thus obtain 

w(x) — w(xo) > —C\x — xq\ V x G O, xq G 90. (7.5) 

Similarly one can construct an upper barrier for w. Hence (7.2) holds. □ 

In (7.3) the lower bound for w depends on the uniform estimate for u. To obtain the 
uniform estimate for u, we in turn need the lower bound for w, namely the upper bound 
for detD 2 u. To avoid the mutual dependence we assume / < 0, so that w attains its 
minimum on the boundary by the maximum principle. This condition can be relaxed 
to / < s for some e > small but cannot be removed completely, as is easily seen by 
solving equation (1.4) in the one dimensional case. 

Lemma 7.3. Let u G C 4 (0) be a solution of the boundary value problem (l.\)-(1.6). 
Then we have the estimate 

sup \D 2 u\ < C, (7.6) 

where C depends only onn.dVt, IMIc 4 (n)' ll^llc 4 ^)' and mfip. 

Proof. Consider the Monge- Ampere equation 

detD 2 u = w -(n+2)/(.n+i) in a ( 7 7 ) 

By Lemma 7.2, the right hand side of (7.7) is positive and satisfies condition (3.16). Hence 
by the argument in the preceding sections, D 2 u is bounded and Holder continuous on 
the boundary, see Remark 6.1. For any S > 0, by (7.1) the solution of the linearized 
Monge-Ampere equation 

U ij Wij =f in O (7.8) 
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is Holder continuous [7], namely detD 2 u G C a (Q$) for some a G (0,1). Hence u G 
C 2 ' a (0<5) [4]. So we are left to consider a point x G O near the boundary. Choosing an 
appropriate coordinate system, we assume that £ is on the positive x n -axis, the origin is 
a boundary point, and ft C {x n > 0}. Suppose u(0) = 0, Du(0) = 0. Then the argument 
of the preceding sections apply, with 9 = j 1 — , and we conclude as before the quadratic 
growth estimate (5.35). Let h is the largest constant such that S9 (x) C O. By (5.35), 
the section 5? (x) has a good shape. Hence the argument in [7] applies, and we also 
conclude that w is bounded and Holder continuous near x. Hence (7.6) holds. □ 

Lemma 7.4. // / G L°°(Q), then for any p > 1, we have 

\\u\\w^p(n) < C, (7.9) 

where C depends only onn,p,dVt, \\f\\L°°, IMIc 4 (fi)> IIV'llc 4 ^)' o,nd mi ^ . If f G C Q (0), 
ip G C 4 ' a (0), V e C 4 ' a (0), anrf 90 G C 4 ' a for some a G (0, 1), then 

u G C 4 ' a (0) < C (7.10) 

where C depends in addition on a. 

Proof Regard the fourth order equation (1.4) as a system of two second order partial 
differential equations (7.7) (7.8). By estimate (7.6), both (7.7) and (7.8) are uniformly 
elliptic. It follows that w is Holder continuous up to the boundary and so u G C 2 ' a (0) [2, 
19]. Hence (7.8) is a linear, uniformly elliptic equation with Holder coefficients. Hence 
w G W 2 ' P (Q) for any p < oo. From (7.7) we also conclude the global C 4 ' a a priori 
estimate for u. □ 

Proof of Theorem 1.2. We have proved the uniqueness and established the a priori 
estimate for solutions of (1.4)-(1.6). To prove the existence of solutions we use the 
degree theory as follows. 

For any positive w G C 0,1 (O), let u = u w G C 2 ' a (0) be the solution of 

detD 2 u = u,-("+2)/(n+i) in ft, (7.11) 
u = if on 9ft. 

Next let wt, t G [0, 1], be the solution of 

U ij Wij = tf(x) in ft, (7.12) 
w t = tip + (1 — £) on 9ft. 

We have thus defined a compact mapping T t : w £ C 0,1 (Q) — > «^ G C 0,1 (ft). By the a 

priori estimate (7.9), the degree deg(T t , 0) is well defined, where is the set of all 
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positive function satisfying |H| C o, < R- When t = 0, from (7.12) we have obviously 
w = 1. Namely T has a unique fixed point w = 1. Hence the degree deg(Ti, Br, 0) = 1 
for all t G [0, 1]. This completes the proof. □ 

Remark. Theorem 1.2 extends to more general equations (1.4) where 

w = [detDV- 1 , < 9 < -. 

n 
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